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Abstract: Gauge theories with matter often have critical regions in their parameter
space where gapless degrees of freedom emerge. Using controlled semiclassical calcu-
lations, we explore such critical regions in SU(N) gauge theories with a topological θ
term and NF fundamental fermions in four dimensions, as well as related field theories
in three dimensions. In four-dimensional theories, we find that for all NF ≥ 1 the criti-
cal behavior always occurs at a point in parameter space. For NF > 1 this is consistent
with the standard QCD expectations, while for NF = 1 our results are consistent with
recent observations concerning ’t Hooft anomalies. We also show how the N -branched
structure of observables transmutes into the NF -branched structure seen in chiral La-
grangians as the mass parameter is dialed. As a side benefit, our analysis of these 4D
theories implies the unexpected result that 3D Coulomb gases can have gapless critical
points. We also consider QCD-like parity-invariant theories in three dimensions, and
find that their critical behavior is quite different. In particular, we show that their
gapless region is an interval in parameter space, rather than a point. Our results have
non-trivial implications for the infrared behavior of three-dimensional compact QED.
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1 Introduction and results
This work derives new non-perturbative results in 4D and 3D SU(N) QCD with
NF ≤ N fundamental Dirac fermions using using techniques such as calculable com-
pactifications, adiabatic continuity and mixed discrete ’t Hooft anomalies. Our main
results are:
1) It was recently argued that with some natural assumptions, 4D QCD with NF = 1
fundamental Dirac fermions has a critical point in the complex mass plane[1]. We
show that this is indeed the case in a calculable regime of the theory. This result
follows from the existence of a gapless critical point in a 3d Coulomb gas. This is
an interesting finding in its own right, because historically, it had been believed
that 3d Coulomb gases are always gapped [2–5].
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2) Strong coupling extrapolation of weak coupling chiral symmetry breaking in
multi-flavor QCD[6] via a mixed ’t Hooft anomaly involving the recently intro-
duced color-flavor center-symmetry[7] and chiral symmetry.
3) The transmutation of θ+2pik
NF
θ-angle dependence in the chiral Lagrangian to the
θ+2pik
N
dependence in pure Yang-Mills as the mass of the quarks are sent to infinity.
4) The existence of a critical interval (rather than a point) in 3d QCD.
We will now summarize our results in more detail, as well as place them in context
relative to the various recent developments that have made them possible.
For all NF in the range we have studied, we find that in 4D QCD there is a single
gapless point in the parameter space of the theory at zero temperature and density. For
NF > 1, this is of course entirely expected, because this critical point is at the massless
quark point, mq = 0, and is associated with spontaneous chiral symmetry breaking.
For NF = 1, the existence of a critical point may sound somewhat surprising, because
there is no chiral symmetry breaking reason to expect a gapless mode. The lightest
pseudoscalar meson, the η′, has historically been expected to have mass ∼ ΛQCD for
any quark mass mq. However, if one turns on a θ term, the quark mass is naturally
intepreted as a complex parameter, argmq = θ. Reference [1] recently pointed out
there is very likely to be a point mq ∈ R− (amounting to θ = pi) where the η′ mass
must vanish. This conclusions follows from some very plausible assumptions about the
CP-symmetry-breaking behavior of YM theory as a function of θ as well as anomaly
constraints[8]. For mq < m
∗
q, CP symmetry is expected to break spontaneously, while
it is preserved for mq > m
∗
q. One can interpret m
∗
q as a second-order critical point.
We would like to get some microscopic insight into this result, and related results
for NF > 1. Our tool will be the idea of adiabatic continuity. Over the last several
years, a large number of results suggest that it is possible to continuously (that is,
adiabatically) connect QCD-like theories on R4 to a class of theories which have a
weakly-coupled regime on R3× S1[6, 9–37]. This weakly-coupled regime appears when
the S1 circumference L is sufficiently small, and (approximate) center symmetry is
stable. In the weakly-coupled regime we can use semiclassical methods to determine
the behavior of the theory. We use this as a tool to explicitly see how the η′ mass
manages to vanish at mq = m
∗
q, in a calculable setting. Our semi-classical analysis on
small S1 with appropriate stabilized symmetries (either center or color-flavor-center)
is based on a systematic microscopic derivation of chiral symmetry breaking[6]. Our
results are consistent with expectations from experimental observations for large S1
and from continuous and discrete ’t Hooft anomaly considerations.
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A interesting aspect of this analysis is that it yields a somewhat unexpected result
concerning Coulomb gases in three dimensions. Historically it has been believed that
such plasmas always have a finite correlation length[2–5]. But we show that our NF = 1
QCD results on R3 × S1 imply the existence of a gapless point in 3d Coulomb gases
in the presence of special complex fugacities for the monopole events. In general, it
is known that complex fugacities induced by Berry phases or topological θ angle can
decrease the mass gap exponentially, from e−S0 down to e−2S0 , e−3S0 , or e−4S0 , see, e.g.
studies of VBS phase of quantum anti-ferromagnets [4, 5] and deformed Yang-Mills at
θ = pi [24]. Our work is the first demonstration that the mass gap in magnetic Coulomb
gas can actually vanish at a point in parameter space.
For 2 ≤ NF ≤ N , in the calculable weak coupling regime on R3 × S1 we find
that the critical point is at m∗q = 0, consistent with QCD expectations on R4. In this
regime, we leverage insights from our recent work with Thomas Scha¨fer [6], where the
chiral Lagrangian was derived rigorously in the small R3 × S1 setting by using duality
and monopole operators. We find that the theory has a two-fold vacuum degeneracy
for mqe
ikpi/NF , k = 1, . . . , NF , and a unique vacuum otherwise so long as mq 6= 0. At
mq = 0, the theory has a critical point with gapless excitations. This behavior is
associated with spontaneous continuous chiral symmetry breaking. In our set-up, we
can dial the quark mass from small to large values while keeping all approximations
under control. We use this to show how the transmutation of the θ angle dependence
of observables
θ + 2pik
NF︸ ︷︷ ︸
small mq
←→ θ + 2pik
N︸ ︷︷ ︸
large mq
(1.1)
takes place. This θ-dependence transmutation occurs as mq is taken from small values,
where the softly broken chiral Lagrangian is a good description of the physics, to large
values, where the physics becomes describable in terms of pure Yang-Mills theory.
For the NF = 2 theory, the analysis of [1] shows that the potential of the leading
order chiral Lagrangian vanishes at θ = pi, and it has not been shown whether the
SU(2) flavor symmetry is broken, or CP symmetry is broken. In the calculable regime
on R3×S1, the potential of the monopole-induced chiral Lagrangian vanishes at θ = pi
when NF = 2. This corresponds to the expected vanishing of the leading-order chiral
Lagrangian. But there are also magnetic-bion induced terms, corresponding to higher-
order terms in the chiral expansion. At small S1, the coefficients of these higher-
order terms are calculable, and hence the symmetry breaking pattern can be fixed. In
particular, we find that CP is broken at θ = pi.
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For 2 ≤ NF ≤ N and mq = 0, we show that there is a mixed ’t Hooft anomaly
between color-flavor center (CFC) symmetry Zgcd(NF,N) [7] (assuming gcd(NF , N) > 1)
and a Z2NF discrete chiral symmetry. In this set-up, where Zgcd(NF,N) is an exact
symmetry on R3 × S1, the global symmetry G ∼ SU(NF )L × SU(NF )R × U(1)Q is
explicitly reduced to its maximal Abelian subgroup
Gmax−ab =
U(1)NF−1V × U(1)NF−1A × U(1)Q
ZNF × ZN
× SNF × Z2NF . (1.2)
by the quark boundary conditions on S1. Suppose that CFC symmetry is preserved1
when S1 is small, as well as when S1 is large[38]. There are no order parameters
which transform under Z2NF , but are neutral under the continuous chiral symmetry
U(1)NF−1A . Therefore, if the CFC symmetry is unbroken for any S
1 size, then mixed
discrete ’t Hooft anomaly matching actually implies that the continuous symmetry
U(1)NF−1A must be spontaneously broken. This is beautifully consistent with our weak-
coupling derivation of chiral symmetry breaking in a regime on R3×S1 with unbroken
CFC symmetry[6]. The existence of the mixed ’t Hooft anomaly imply that our results
extrapolate to the strong coupling R4 regime, without phase transitions for any S1 size,
provided that CFC symmetry is unbroken.
Finally, in order to emphasis the distinction between the above locally four-dimensional
analysis, where the dynamics only becomes three-dimensional at long distances, and the
dynamics of genuinely three-dimensional theories, we also analyze a three-dimensional
SU(2) gauge theory with NF = 2 Dirac fermions. (This is roughly the dimensional
reduction of the 4d NF = 1 Dirac flavor theory.) We consider the behavior of this
theory as a function of a parity-invariant mass term, and find that its behavior is very
different from its four-dimensional cousins. In particular, in three dimensions, instead
of finding a critical point in mass-parameter space, we find a critical interval. In our
three-dimensional set-up, in contrast to an analogous 4D theory, the gapless mode seen
in the critical interval is protected by a spontaneously broken continuous shift sym-
metry, and it is a Nambu-Goldstone boson. Our results are consistent with recent
conjectures discussed in [39].
2 NF = 1 QCD
In this section we discuss the critical behavior of one-flavor QCD as a function of the
complex quark mass mq and the number of colors N by using semi-classical methods
1CFC symmetry can be stabilized for small S1 using e.g. certain double-trace deformations[11].
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and adibatic continuity on R3 × S1. The Lagrangian is
S =
∫
R3×S1
1
g2
[
1
2
trF 2MN + i
θ
16pi2
trFMN F˜MN + iΨ /DΨ +mqΨΨ
]
(2.1)
where Ψ is the four-dimensional Dirac spinor in the fundamental representation of
SU(N), and can be written as Ψ =
(
ψL
ψR
)
where ψL, ψR are two-component (complex)
Weyl spinors.
This physics of this theory depends on the combination m = mqe
iθ instead of
depending on mq and θ separately. In fact, one can remove the topological term by a
chiral rotation, and write the mass term as
mqe
iθψLψR + c.c = mq cos θΨΨ +mq sin θiΨγ5Ψ (2.2)
where, on the right hand side the first mass term is the parity-even Dirac mass term,
while the second term is the parity-odd Dirac mass term. The latter representation
makes is clear that m ∈ R = R+ ∪ R− axis is special, in that it corresponds to the
presence of CP symmetry, and amounts to setting θ = 0 or θ = pi.
This theory has a U(1)Q/ZN vector-like symmetry, where the ZN quotient is as-
sociated with color gauge transformations living in the center of SU(N). For mq = 0,
the chiral anomaly explicitly breaks the classical U(1)A symmetry Ψ → eiφγ5Ψ to
Z2 = (−1)F , which is actually a symmetry of the theory with a bare mass. The
instanton amplitude is
I4d ∼ e−SIψLψR, SI = 8pi
2
g2
(2.3)
Unlike NF ≥ 2 theories, in which one has an anomaly-free chiral symmetry at mq = 0,
in the NF = 1 theory there is no extra symmetry at mq = 0, mainly due to instanton
induced soft mass term (2.3). Thus, as a result of non-perturbative effects, the quark
mass term receives additive renormalization as opposed to multiplicative renormaliza-
tion. In the semi-classical domain, we will use a formalism where we have full control
over the additive non-perturbative corrections to the mass term.
Below, we study the dynamics of this theory on small L on R3×S1, covering N = 2
first, and then discuss generic values of N with some comments on large N limit. All
of our analysis assumes that, as mentioned in the introduction, the approximate center
symmetry has been stabilized by double-trace deformations.
2.1 N = 2 colors
First, let us consider two-color QCD with quarks of a single flavor. In both pure
Yang-Mills theory and one-flavor QCD at large L, the distribution of the eigenvalues
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of the color holonomy becomes approximately center-symmetric, in the sense that the
expectation value of the trace of the holonomy becomes approximately zero. In pure
Yang-Mills theory the distribution becomes exactly center-symmetric for all L larger
than some critical value, while for one-flavor QCD the VEV of the trace of the holonomy
only approaches zero as L → ∞ when the quarks are light. In any case, we assume
that the trace of the holonomy continues to be center-symmetric at small L. Justifying
this assumption relies on the introduction of an appropriate double-trace deformation
or heavy adjoint fermions, and we assume that this has been done.
The color holonomy has the form Ω = Pei
∫
dx3A3 , where x3 is the compact direction
of circumference L, and we assume that L Λ−1. If 〈trΩ〉 = 0, then (with an obvious
gauge-fixing understood) 〈A3〉 6= 0, the eigenvalues of A3 have parametrically small
fluctuations thanks to the smallness of LΛ, and take the center-symmetric vacuum
expectation value (VEV) 〈LA3〉 = diag(−pi/2,+pi/2). If we integrate out Kaluza-Klein
(KK) modes on S1, we obtain a 3D SU(2) gauge theory. In this 3D effective theory, A3
acts like a compact adjoint Higgs field. When the VEV of A3 is center symmetric, the
color gauge group SU(2) is reduced down to U(1), and theory Abelianizes at distances
larger than m−1W = NL/2pi = L/pi. So in fact the long-distance theory is 3D compact
QED
Ssmall L =
L
4g2
∫
d3xF 2µν + matter , (2.4)
where µ, ν = 0, 1, 2 parametrize the non-compact directions, and Fµν is the field
strength associated with the unbroken U(1) gauge group. We will find useful to pass to
the Abelian dual formulation in terms of scalar σ, Fµν =
λmW
4pi2
µνγ∂
γσ, where λ = g2N
is the ’t Hooft coupling. Then the action of the 3D effective field theory takes the form
Ssmall L =
∫
d3x
λmW
16pi3
(∂µσ)
2 + matter . (2.5)
2.1.1 The chiral limit mq = 0
We take
Ψ(x3 + L) = e
iαΨ(x3) (2.6)
as the fermion boundary condition. The α twist in the boundary conditions can be
thought of as a holonomy for a background gauge field associated to the U(1)Q sym-
metry of the theory. The role of the twist α is to produce a parity-invariant mass term
in the 3D effective theory, ∫
R3×S1
α
L
Ψγ3Ψ (2.7)
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This type of mass term is also often called a “real mass term” in 3d language. If we
were to set α = 0, corresponding to periodic boundary conditions, the long-distance
theory would be 3D QED coupled to nf = 2 flavors of massless Dirac fermions. This
EFT would be strongly-coupled on distances ` & L/g2, where g is the YM coupling.
This issue can be avoided by keeping α finite, because α produces the real mass term
for the 3D fermions, as written above. Consequently, so long as α & g2, our theory is
weakly coupled at all distance scales, and can be treated reliably using semiclassical
methods. Thus there are no infrared divergences in perturbation theory.
Since our long-distance theory is 3D compact QED, it has finite-action monopole-
instanton field configurations[2]. In fact, because the theory is locally four-dimensional,
the theory has two types of monopole-instantons: one is the standard BPS monopole-
instanton which is present even in locally three-dimensional theories, while the other is
the so-called Kaluza-Klein (KK) monopole instanton[40, 41]. We write the correspond-
ing amplitudes as M1,M2. These finite-action field configurations can be thought as
the constituents of the 4d instanton I on the compactified geometry, I ∼ M1M2.
Note that the monopole-instantons have no scale moduli, since they have a finite core
size ∼ m−1W . Indeed, in this setting, a 4d BPST instanton with a large scale modu-
lus ρ  L looks like two widely separated M1, M2 events. Along with our remarks
concerning the gauge coupling, this implies that there are no infrared problems either
perturbatively or non-perturbatively.
The two fermion zero modes of the 4d instanton localize on one of the two types of
monopole instantons, depending on the U(1)Q holonomy e
iα. For our choice of α, we
can take the fermion zero modes to be localized onM1. To leading non-trivial order in
the semiclassical expansion, the resulting dimensionless monopole operators take the
form:
M1 ∼ e−S0eiσψLψR, M2 ∼ m3W e−S0e−iσ,
M1 ∼ e−S0e−iσψLψR, M2 ∼ m3W e−S0e+iσ, (2.8)
where S0 =
1
2
SI =
4pi2
g2
is the monopole-instanton action, which is half of the 4d-
instanton action.2
To find the leading effect of the existence of monopole-instantons on the long-
distance physics, we must sum over the dilute monopole-instanton “gas”[2]. At leading
order, the monopole-instanton contributions to the partition function simply exponen-
2We have suppressed powers of λ (which arise from summation over bosonic zero-modes) in the
prefactors of the monopole-instanton amplitudes to reduce clutter in our expressions. These prefactors
are identical for M1,M2, and are not important for our discussion in this paper.
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m = mq/mW
f(m)
1
1
Figure 1. A cartoon of the expected behavior of the massive fermion determinant f(m)
around a monopole-instanton as a function of the parameter m = mq/mW . We assume that
the quark boundary conditions are such that the fermion zero modes would localize on the
monopole-instanton in the limit m → 0, so that the small-m behavior is f(m) ∼ m, and
assume a renormalization prescription such that the determinant approaches unity in the
pure YM limit m → ∞. The solid parts of the curve summarize these limiting behaviors,
while the dashed part is an interpolation, since the functional form of f(m) has not yet been
evaluated.
tiate, so that[11]
V (σ) = − [M1 +M1 +M2 +M2 + · · · ] (2.9)
= − [(e−S0eiσψLψR + h.c.) + e−S0 cos(σ) + · · · ] . (2.10)
The cos(σ) potential renders gauge fluctuations massive, with a massmσ ∼ mW e−S0/2.
The unique minimum of the potential is at σ = 0, and this generates a “constituent
quark mass” mconstituent ∼ mW e−S0 . Note that this is exponentially larger than the
contribution to the constituent quark mass from instantons, which is ∼ mW e−SI ∼
mW e
−2S0 .
One can also introduce a topological θ angle. But in the mq = 0 limit, it has no
effect on the effective potential since it can be absorbed into fermion field by a field
redefinition.
2.1.2 Finite mq 6= 0
Turning on a small quark mass mq lifts the fermionic zero modes, and renders the
θ angle physical. The contribution of the monopole-instantons to the dual photon
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potential is now
V (σ) = −f(m)e−S0 cos(σ + θ
2
)− e−S0 cos(σ − θ
2
)− f(m)e−2S0 cos(2σ) + . . . (2.11)
where m = mq/mW and e
−2S0 term is due to magnetic bion.3 Here by f(m) we mean the
quark-mass-dependent prefactor of the monopole-instanton amplitude, normalized so
that f(m) =
det( /D
∣∣
monopole
+mq)
limm→∞ det( /D
∣∣
monopole
+mq)
, where the functional determinants are evaluated
in the background of the monopole-instanton. It is easy to determine the behavior of
f(m) in two limiting cases:
f(m) =
{
cm+O(m2) m . 1
1 +O(1/m) m→∞ (2.12)
Here c is an immaterial number of order one. We set it to unity to avoid clutter; it
is easy to restore it in the formulas below if one wishes. We expect the cross-over
value of mq setting the scale where f(m) changes from scaling with mq to becoming
mq-independent, to be ∼ mW , since this is the only dimensionful scale entering the
monopole-instanton field profile. However, the functional form of f(m) apart from the
two limits in (2.12) has not yet been determined, and might not have a closed-form
expression, given analogous computations for BPST instantons[42]. A cartoon showing
the expected shape of f(m) is given in Fig. 4.
There are two crucial points to note about this potential. Despite the fact that
the magnetic charge of M1 and M2 is the same, there is a phase difference between
the induced operators, which is dictated by phase of mqe
iθ. The other point is that the
magnitudes |M1| and |M2| differ in an interesting way. In modulus, M1 and M2 are
very different for m . 1, but become almost (but not quite) equal for m > 1. So
argM1 − argM2 = arg(mqeiθ)
|M1| 6= |M2|, |m| . 1. (2.13)
Only in the limit m → ∞ do the magnitudes of M1 and M2 become equal. Both of
these observations will will play a crucial role in the physics at θ = pi.
2.1.3 Large negative mq
When |mq|  mW , the theory reduces to deformed Yang-Mills on small S1 × R3,
which is believed to be continuously connected to pure Yang-Mills on R4, because all
3Actually, the bion potential term should have has various factors we have not shown which multiply
f(m), which involve log λ and powers of λ. They could easily be restored, but have no important effect
in the discussion, and we have dropped them to avoid cluttering the formulas.
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gauge invariant order parameters have the same behavior at large and small L. In this
limit, the prefactors of the monopole operators become equal in absolute value, and
the effective potential is given by
V (σ) = −m3W
[
e−S0 cos(σ + θ/2) + e−S0 cos(σ − θ/2) + e−2S0 cos(2σ) + . . .] (2.14)
The last term ∝ e−2S0 is induced by magnetic bion events, which are quasi-saddle-points
which become relevant at second order in the semiclassical expansion[10, 24]. The first
two terms dominate over the third term for θ 6= pi, but they cancel as θ → pi, where the
bion-induced term becomes dominant. While the density of the monopole-instanton
events of the two types are equal, their effects cancel due to destructive topological
interference [24]. Indeed, at θ = pi, all odd charge monopole induced terms of the
form cos((2k + 1)σ) are absent due to topological Z2 shift-symmetry, σ → σ + pi. But
thanks to the contributions of the magnetic bions, the theory always has a mass gap.
For θ 6= pi, the ground state is gapped and unique. But for θ = pi, there are two gapped
vacua associated with CP breaking, σ = ±pi/2, which are associated with CP breaking,
since CP acts on σ by σ → −σ + pi/2.
Reference [8] recently showed that there exists a mixed ’t Hooft anomaly between
the 1-form center symmetry and the 0-form CP symmetry at θ = pi. The anomaly
strongly constrains the nature of the possible ground state of the theory at θ = pi.
In particular, if (1) center symmetry is stable, and (2) the mass gap does not van-
ish, anomaly-matching implies that the CP must be broken. But of course anomaly
considerations cannot determine whether the two assumptions leading to CP breaking
are in fact satisfied. This requires information about the dynamics, either from lattice
simulations, or from some analytic approach. But Euclidean lattice simulations suffer
from a severe sign problem at θ = pi.
This is where semi-classical calculations enabled by adiabatic compactification are
helpful. Indeed, in center-stabilized YM theory, the semiclassical analysis presented in
[24] and reviewed above explicitly shows that CP is spontaneously broken at θ = pi.
If the center symmetry is stable for all L, which can be guaranteed by an appropriate
double-trace deformation at any L, and the mass gap remains finite for any finite L,
which is expected at large L and is shown analytically above for small L, then the
two-fold degeneracy of the vacua due to spontaneous CP-breaking will persist for any
L.
2.1.4 Small negative mq
We now discuss what happens as mq approaches 0 with θ = pi. It is convenient to do
so using the shifted variable σ′ = σ + θ/2. Then the potential reads
V (σ′) = −f(m)e−S0 cos(σ′ + θ)− e−S0 cos(σ′)− f(m)e−2S0 cos(2σ′ + θ) + . . . , (2.15)
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Figure 2. Behavior of V (σ′) as a function of m = mq/mW ∈ R−, with f(m) modeled as
f(m) ∼ m for |m| . |m∗|. The theory becomes gapless at m = m∗.
and at θ = pi we obtain
V (σ′) = [f(m)− 1]e−S0 cos(σ′) + f(m)e−2S0 cos(2σ′) + . . . . (2.16)
As we have just seen, when θ = pi and m is large, there are two degenerate vacua
and a corresponding first-order phase transition. The two vacua are related by time-
reversal (equivalently, CP) symmetry. When m is large and positive, the potential
V (σ′) has a unique ground state, where 〈σ′〉 = 0. As m is decreased toward zero with
fixed θ = pi, there is a second order critical point m = m∗ at which mass of the σ′
fluctuation vanishes, and that the theory becomes gapless. Once m < m∗, there are
again two degenerate vacua, and a corresponding first order phase transition. These
features are summarized in Fig. 2.
Given a smooth function f(m) with the limiting behavior given by (2.12), there
exists a value, m∗, at which the theory becomes gapless. Indeed, expanding to
V (σ′) = 1
2
[
1− f(m)(1 + 4e−S0)]σ′2 + 1
24
[−1 + f(m)(1 + 16e−S0)]σ′4 +O (σ′6) .
(2.17)
So the mass of the σ fluctuations vanishes when m is such that
f(m) = 1− 4e−S0 +O(e−2S0) . (2.18)
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Given that f(m) is a monotonic function with the limiting behaviors shown above, this
equation will have one solution, m = m∗, where the theory has a gapless second-order
critical point.
In this N = 2 analysis, if we wish to get an explicit estimate of m∗, we must use
a model for the precise shape of f(m), since this shape is not currently known. For
instance, if we model f(m) = m, then we get m∗ ∼ 1 − 4e−S0 . But the existence of
critical point is robust and model-independent, since it follows from the known limiting
behaviors of the smooth function f(m). Moreover, as we are about to see, when N  1,
it is possible to compute the value of m∗ explicitly without making ad-hoc assumptions
about the particular functional form of f(m).
2.2 Generic N
For generic N and to leading order in the semiclassical expansion, the low-energy EFT
describing monopole instantons can be written as∫
d3x
N∑
a=1
λmW (∂µσa)
2 −m3W e−S0
[
f(m) cos(σ1 − σ2 + θ) + cos(σN − σ1)
+
N−1∑
a=2
cos(σa − σa+1)
]
+ . . . . (2.19)
Here f(m) = f(|m|). In writing this expression, we have assumed that the approximate
center symmetry (which becomes exact as N → ∞ or mq → ∞) has been preserved
at small L. Then (2.19) follows from essentially the same arguments as above. The
gauge group is Higgsed from SU(N) to U(1)N−1, and the gauge coupling stops running
at the scale mW = 2pi/(NL). So in the Abelian dual description there are now N − 1
dual scalar fields σi. In writing (2.19), however, we chose to add one extra dual scalar
field, as if we had started with a U(N) gauge theory rather than an SU(N) gauge
theory, because this allows us to write many expressions in a simpler form. As will be
clear below, this extra scalar decouples exactly from the N − 1 physical fields. There
are now N types of monopole-instantons, with N − 1 of them being standard ’t Hooft-
Polyakov monopoles, while the Nth one is the KK monopole-instanton. The associated
amplitudes are
M1 = m3Wf(m)e−S0e+i(σ1−σ2)eiθ, (2.20)
Mi = m3W e−S0e+i(σi−σi+1) , i = 2, . . . , N, (2.21)
where N + 1 ≡ 1. Here, we have assumed that the U(1)Q twist angle α is such that
the fermion zero modes localize onto M1 in the chiral limit. We have also exploited
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the freedom to perform field redefinitions to put all of the θ dependence onto M1.
(Section 4.2 contains an in-depth discussions of such field redefinitions, and the related
phenomenon of θ-dependence transmutation as mq goes from small to large.) These
N species of monopole-instantons are again the constituents of the familiar 4d BPST
instanton,
I ∼M1 · · ·MN , S0 = SI
N
=
8pi2
g2N
. (2.22)
Evaluating the sum over the dilute monopole-instanton gas to leading non-trivial order
yields (2.19).
For NF = 1 and finite N , there is no exact (axial) chiral symmetry in the mq = 0
limit. For generic values of m = mq/mW , we will now see that all physical modes
have mass square proportional to e−S0 , but one linear combination of the modes in ~σ
describes η′ meson. However, along a ray on the complex mass plane m ∈ [−∞,mceipi),
CP symmetry is spontaneously broken. This CP-breaking ray of first-order transitions
ends at mce
ipi with a second order critical point.
To see this, let us set θ = 0 and θ = pi (so that we study the theory along the real
axis in the complex-mass plane), and suppose that the minimum of the potential is at
~σ = (0, . . . , 0). This assumption will be valid provided mq > m
∗. Expanding around
this minimum, the mass matrix is
M =

1± f(m) ∓f(m) −1
∓f(m) 1± f(m) −1
−1 2 −1
−1 2
. . .
2 −1
−1 −1 2

(2.23)
where the upper and lower signs correspond to the effect of setting θ = 0 and θ =
pi respectively. For m > m∗, the spectrum of the M operator is positive definite,
corresponding to the hadron spectrum of the small-circle theory. However, when θ = pi,
there is a point
f(m) = f(m∗) = +1/(N − 1) , (2.24)
there is an eigenvector vη′ such that Mvη′ = 0, which takes the form
vη′ =
(−N−1
2
, N−1
2
, N−1
2
− 1, . . . , N−1
2
− (N − 2)) . (2.25)
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Figure 3. A plot of the squared masses of the four lightest pseudoscalar hadrons in
adiabatically-compactified NF = 1 QCD with N = 5, 7, 10 colors for small quark mass mq,
plotted as a function of m = mq/mW , with the sign of m corresponding to whether θ = 0 or
θ = pi. The lightest mode, indicated by the solid red line, becomes gapless at smaller negative
m as N increases. So this can be identified as the η′ meson. The dashed blue curves corre-
spond to the modes whose masses are independent of m at leading order in the semiclassical
expansion, while the dot-dashed brown curves are pseudoscalar modes with masses that do
depend on m. The m dependence of these modes decreases as N is increased.
We identify the resulting gapless mode with the η′ meson.4 This identification is sup-
ported by the fact that this mode is the lightest pseudoscalar excitation of the theory
at mq = 0, as we illustrate in Fig. 3, as well as our discussion in Section 4, where we
explain how this mode enters the chiral Lagrangian. Note that the η′ mode is not free
already to leading order in the semiclassical expansion: the potential (2.19) generates
an η′4 interaction term with coefficient ∼ e−S0 .
It is also interesting to note that when N is large, we can use the known behavior of
f(m) for small m to conclude that, in terms of the complexified quark mass mq = mqe
iθ,
when θ = pi we get
m∗q
mW
=
−1
N − 1 +O(e
−S0) (2.26)
So at large N , the location of the fixed point can be self-consistently calculated using
only the known properties of f(m). Moreover, in the N → ∞ limit, the η′ meson
becomes gapless at mq = 0, just as one would expect from the fact that an unbroken
U(1)A symmetry must emerge at mq = 0 in the large N limit.
4Generically, M has one other vanishing eigenvalue for any m, with eigenvector vN =
N−1/2(1, 1, · · · , 1). The corresponding gapless excitation can be shown to be exactly free. In fact, this
excitation is unphysical, and arises from our use of an N -dimensional basis in writing the su(N) roots
and dual photon vectors.
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3 How can a 3d Coulomb gas ever fail to generate screening?
The gauge theory on R3 × S1 maps to a (magnetic) Coulomb gas. A Coulomb gas
in D = 3 is known to have a finite Debye length. For example, in the Polyakov
model, this finite Debye length is the inverse mass gap of the system. There is a
rigorous renormalization group argument due to Kosterlitz [3] which also shows that
the Coulomb gas is always in a screening phase for D = 3. In this case, the cos(σ)
term that generates the mass gap is relevant. As a result, at long distance one obtains
Debye screening.
The Kosterlitz argument is also valid for systems which are effectively generalized
Coulomb gases, as discussed in [5]. In some systems, in the monopole-gas representa-
tion, the action possesses an imaginary part, coming either from (lattice/cut-off scale)
Berry phases or a topological theta angle. Examples include the valence-bond-solid
(VBS) phase of quantum anti-ferromagnets [4, 5] and center-stabilized Yang-Mills at
θ = pi [24]. In these cases, in order to derive the long-distance effective field theory, one
can do a succession of “coarse-graining” steps, as is common in statistical mechanics
treatments of renormalization. This process gets rid of e−S0eiσeiΘi type operators, due
to destructive interference induced by Berry phases or the topological interference due
to Θ-angles among monopoles with the same magnetic charge, but differing phases.
Namely, one has a relation of the form
K∑
j=1
Mj =
K∑
j=1
e−S0eiσeiΘj = 0 Θj =
2pij
K
(3.1)
In the statistical-mechanics examples, such relations are possible because the magni-
tudes of the distinct monopoles amplitudes with identical magnetic charge are forced
to be identical by exact lattice symmetries. In Yang-Mills theory, the equality of mag-
nitudes of monopole-instanton amplitudes is guaranteed by center symmetry. However,
there are always some monopoles with higher charge which do not carry Berry phases, or
any dependence on the topological θ angle. Such monopoles survive the coarse-graining
procedure. In SU(2) gauge theory on R3 × S1, these are the magnetic bions, which
have magnetic charge 2 and vanishing topological charge, while in the VBS phase of
quantum anti-ferromagnets, the surviving contributions are from certain multi-charge
monopoles. Generically, the surviving operators induce a potential for the dual photon
σ of the form
V (σ) ∼ e−nS0 cos(nσ) (3.2)
for some n > 1. Then the Kosterlitz argument goes through, because this potential
always includes relevant terms. The fluctuations of the dual photon field σ become
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suppressed, since the relevant cosine operator pins the fluctuations down to the bottom
of one of its minima. And hence, one “always” obtains a finite screening length for
generalized Coulomb gas as well. The arguments described above have lead to intuition
in the literature that Coulomb gases in three dimensions are always gapped.
The only historically known exception appeared in the work of Affleck, Harvey, and
Witten[43], which added massless adjoint fermions to the non-Abelian gauge theory
UV completion of a compact QED system, and observed that this rendered the system
gapless. But in the case considered in [43], the system is not simply a magnetic Coulomb
gas with bare interactions of the form ∼ 1/r, because the exchange of fermion zero
modes between monopoles immediately produces a logarithmic contribution to the
potential ∼ log r. As a result, this case does not fit into the paradigm discussed above.
In light of the above discussion, one may wonder how can one ever obtain a Coulomb
gas which can be gapless. If a Coulomb gas with infinite correlation length can exist,
where is the flaw in the above classic arguments?
The answer of course is already present in the analysis of the previous section,
both for N = 2 and N > 2. Let us focus on N = 2. We have a Coulomb gas of
magnetic monopoles at θ = pi, and there is a relative pi phase between the two distinct
monopoles of the same magnetic charge. If there were to be a precise symmetry between
monopoleM1 andM2, their contributions would cancel each other out and leave room
for contributions from higher charge operators, such as e−2S0 cos(2σ). However, in
our system, the contributions of M1 and M2 to the effective potential do not cancel
each other out exactly, because the symmetry relating them — center symmetry —
is explicitly broken. The amount by which these leading-order contributions fail to
cancel can be dialed by changing the fermion mass parameter m. In particular, the
sign of the leading-order contribution to the mass of the dual photon can be arranged
to be negative. Then one can tune the negative leading-order contribution against the
higher-order contributions, in such a way that the coefficient of σ2 vanishes exactly.
Consequently, one finds that there is a second-order critical point where the theory is
gapless. Note that here there is no shift symmetry for σ, and V (σ) 6= 0 at the critical
point.
It would be very interesting to reexamine the physics of VBS phases of quantum
anti-ferromagnets discussed in [4] in view of the above remarks. In [4], there are lattice
symmetries which ensure the equality of the magnitude of the unit-charge monopole
amplitudes. It might be possible to explicitly break these lattice symmetries in such
a way that, as a function of the perturbation, the system can be tuned to a gapless
critical point. This would be analogous to the critical point in one-flavor 4d QCD as a
function of m, where the relevant broken symmetry is center symmetry.
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4 Generic NF , N
We now let N > 2, and consider what happens when NF ≤ N , with the assumption
that the NF quark flavors have a common mass mq, so that the global symmetry of the
theory on R4 is
Gmq 6=0,R4 =
SU(NF )V × U(1)Q
ZNF × ZN
. (4.1)
Here the ZNF and ZN factors in the quotient act by ψa → ei2pi/NFψa, ψa → ei2pi/Nψa,
and come from the action of center elements of SU(NF )V and SU(N) respectively. In
the chiral limit mq → 0 the anomaly-free internal global symmetry is enhanced to
Gmq=0,R4 =
SU(NF )L × SU(NF )R × U(1)Q
ZNF × ZN
, (4.2)
which breaks spontaneously breaks to Gmq 6=0,R4 .
We compactify the theory on S1 with the flavor-twisted boundary conditions de-
scribed in e.g. [7, 38]
Ψa(x3 + L) = e
iαe2piia/NFΨa(x3) , a = 1, 2, . . . , NF . (4.3)
When d = gcd(N,NF ) > 1 these boundary conditions preserve a Zd subgroup of
ZN × Z′NF , where ZN is the global center symmetry group of SU(N) gauge theory,
while Z′NF is the group of cyclic flavor permutations, which act by ψa → ψa+1 modNF .
Following [7] we refer to Zd as the color-flavor-center (CFC) symmetry. 5 Its order
parameters include Polyakov loops wrapping the compactified x3 direction, as well as
some local operators built out of the quark bilinears [7].
Note that the ZN symmetry relevant to the CFC symmetry Zd is different from
the action of the ZN factor in (4.1). The ZN transformations relevant to the CFC
symmetry are related to the global center symmetry of pure YM theory arising from
gauge transformations which are aperiodic by an element of the center, while the ZN
in (4.1) comes from the action of standard periodic gauge transformations.
The boundary conditions in (4.3) break GR4 to
GS1 =

U(1)
NF−1
L ×U(1)
NF−1
R ×U(1)Q
ZNF× ZN
× SNF × Z2NF , mq = 0
U(1)
NF−1
V ×U(1)Q
ZNF× ZN
× SNF , mq 6= 0 .
(4.4)
5In the setting where N = NF , the same boundary conditions were discussed in [38, 44–51]. In
these references the construction is interpreted as defining a “QCD-like” theory termed “Z3 QCD”.
In contrast, in [7] and here, we interpret the CFC symmetry as a bona fide symmetry of QCD itself.
As pointed out in [7], this symmetry has interesting order parameters whose behavior depends non-
trivially on the parameters of the theory.
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where SNF is the Weyl group of SU(NF ), which is the group of permutations of the
NF quark flavors, while Z2NF is the non-anomalous remnant of the classical U(1)A
symmetry acting as Ψa → eiαγ5Ψa. The cyclic flavor permutation group Z′NF is a
subgroup of SNF . In any case, the flavor-center-symmetric boundary conditions give
the charged Nambu-Goldstone bosons masses ∼ 1/L, but the neutral Nambu-Goldstone
bosons remainmassless when mq = 0. Lattice simulations and continuity arguments
in mq imply that Zd CFC symmetry is not spontaneously broken at large L[38] for
any mq, provided that NF/N is not large enough to put the theory into the conformal
window[7]. The CFC symmetry can be preserved at small L either by adding heavy
adjoint fermions or certain double-trace terms, just as in pure YM theory[6], and we
assume that this has been done from here onward.
Let us now discuss the behavior of the theory at small L. When mq = 0, a 4D
BPST instanton has 2NF zero modes. These 2NF zero modes are distributed over
the N monopole-instantons in a manner which is dictated by the quark boundary
conditions[52, 53]. In particular, with the flavor-twisted boundary conditions in (4.3),
which are equivalent to turning on a flavor-center-symmetric holonomy for a background
SU(NF ) gauge field, the zero modes are distributed among the monopoles as evenly as
possible [6].
It is sensible to split the leading monopole-instantons with action S0 =
8pi2
g2N
into
two sets. One set, S1, consists of NF monopole-instantons which carry two fermionic
zero modes each. The other set, S2, consists of N −NF monopole-instantons which do
not carry any fermionic zero modes. The associated amplitudes take the form
Mi = e−S0ei~αi·~σψLiψRi , i ∈ S1, (4.5)
Mk = e−S0ei~αk·~σ, k ∈ S2 . (4.6)
The monopole operators in S1 play a major role in the low energy dynamics, and
especially in the emergence of the chiral Lagrangian.
This set-up actually provides a microscopic semi-classical derivation of chiral La-
grangian on R3 × S1 [6], which we now briefly review. In the absence of the monopole
operators, the dual photon has [U(1)J ]
N−1 topological shift symmetry. In general there
is no such symmetry in the original 4D gauge theory, so we would expect it to be
broken by non-perturbatively induced interactions. And indeed, the operators in S2
break [U(1)J ]
N−1 explicitly to a subgroup as they induce a potential for certain modes.
However, the effect of the operators in S1 is more subtle. To see this, note that the
flavor-twisted boundary preserve a U(1)NF−1A anomaly-free chiral symmetry, as seen in
(4.4). As a result, the monopole operators in S1 must be invariant under this symmetry.
But this is impossible unless the dual scalars transform by shifts under U(1)NF−1A , since
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ψLiψRi transforms under the chiral symmetry. In particular, for the set of monopole-
instantons in S1, we have:
ψLkψRk → eikψLkψRk,
ei~αk·~σ → e−ikei~αk·~σ.
(4.7)
The NF parameters k obey one constraint,
∑NF
k=1 k = 0, which can be realized as
k = ~αk · ~ where ~αk are the simple roots of the Lie algebra su(NF ). This implies that
the [U(1)A]
NF−1 symmetry gets intertwined with the [U(1)J ]NF−1 part of the would-be
topological shift symmetry of the dual photons. This happens in such a way that their
diagonal combination is an exact symmetry of the theory in the mq → 0 limit.
Thus we find that NF − 1 dual photons transform by shifts under a continuous
chiral symmetry[6]. Therefore they cannot develop a mass either perturbatively or
non-perturbatively. Moreover, at any given point on the vacuum manifold, [U(1)A]
NF−1
symmetry is spontaneously broken. The vacuum alignment relevant to the chiral limit
can be worked in the same way it is always done in chiral perturbation theory: af-
ter finding the vacuum at finite positive mq, which is ~σ = 0, one can expand around
this point and take the mq → 0 limit to find the spectrum. The result is that the
NF −1 gapless dual photons are the interpolating fields for the gapless neutral Nambu-
Goldstone bosons expected from the symmetries of the compactified theory. The re-
maining N −NF dual photons acquire a non-perturbative mass of order mW e−S0/2, as
in pure center-stabilized YM theory at small S1.6
Now, when we introduce a bare mass term in the QCD action, the θ angle becomes
physical. One can absorb the theta angle into the mass term by a chiral rotation to
yield mq(ψLkψRk) → mqeiθ/NF (ψLkψRk). Let us suppose that the quark mass is small,
mq  mW , so that we can write the dependence of the monopole operators on mq
explicitly. Then, soaking up the fermion zero modes with mass operator, the monopole
operators are modified into
Mi = e−S0ei~αi·~σmeiθ/NF , i ∈ S1, (4.8)
Mk = e−S0ei~αk·~σ, k ∈ S2 . (4.9)
where m = mq/mW .
The effective potential induced by monopole-events is now
V (~σ) = −e−S0f(m)
∑
i∈S1
cos(~αi · ~σ + θ/NF )− e−S0
∑
i∈S2
cos(~αi · ~σ) , NF 6= 0 (4.10)
6It is not currently known how to ensure adiabatic continuity when NF > N .
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This action is invariant under the global CFC symmetry Zgcd(NF ,N). We have already
analyzed this action for NF = 1 in a previous section, so now we focus on NF > 1.
First, for 2 ≤ NF ≤ N − 1, NF − 1 modes are gapless in the mq = 0 limit. So
mq = 0 is the critical point of the theory, as one would expect. These gapless modes
are the Nambu-Goldstone bosons associated to the spontaneously broken abelianized
chiral symmetry. When m 1, these modes have mass squares proportional to me−S0 ,
i.e, they are light compared to e−S0 . There is also another set of N−NF heavier modes
whose mass squared is e−S0 , as well as other heavy modes with masses ∼ mW we have
not explicitly included in our 3D effective field theory. (They are discussed in detail in
[36].) Note that at the critical point mq = 0, the η
′ meson is not massless, except in
the limit N →∞ with fixed NF .
For mqe
ipi ≤ 0, the effective theory has two CP breaking vacua for 2 ≤ NF ≤
N − 1. In [1], it is shown that there is a mixed anomaly between SU(NF )V and CP
symmetry when d = gcd(N,NF ) > 1. In our case, there is an SU(NF )V symmetry at
short distances `  1/(NFL), but it is broken to its maximal torus by the boundary
conditions. But there still exists a mixed anomaly between U(1)NF−1 and CP symmetry
when d > 1, similarly to the easy axis model [54]. Our results are consistent with the
constraints of this anomaly. As we mentioned earlier, the anomaly does not determine
the vacuum structure, but in this case the dynamical information encoded in (4.10)
implies that, of the several choices for the vacuum structure allowed by the anomaly,
the theory chooses to have broken CP symmetry.
When NF = N , NF − 1 modes are gapless in the mq = 0 limit. In this case,
in our effective Lagrangian based on dual photons, there are no degrees of freedom
corresponding to an η′ mode. Of course, when NF = N , there is no reason to expect
the η′ mode to be parametrically light either at finite N or large N . Indeed, the full
theory contains many more degrees of freedom beyond the dual photons, such as the
fields corresponding to W-bosons and heavy quark modes. These heavier modes have
their own very rich dynamics discussed in [36]. We expect that the η′ can be identified
with the lightest isoscalar parity-odd heavy-mode bound state in the spectrum discussed
in [36], but have not explored this quantitatively.
It is important to note that the truncation of the monopole operators to the set
S1 is equivalent to the reduction of our effective theory down to chiral Lagrangian.
However, keeping heavier modes has its advantages. In particular, in [1], the vacuum
structure remains undetermined at leading order in chiral Lagrangian for NF = 2,
as the associated effective potential term vanishes identically. It is posited that sub-
leading terms in the chiral Lagrangian renders vacuum two-fold degenerate. Moreover,
in exploring the vacuum structure at generic NF , [1] assumes that SU(NF )V symmetry
is not broken spontaneously at θ = pi. There is no known systematic argument ensuring
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this, since the Vafa-Witten theorem[55] does not apply at θ = pi. In our case, since
our effective theory has both light and heavy modes, the leading order in semi-classics
actually suffice to prove that CP is broken spontaneously for all NF ≤ N , while the
vector-like part of flavor symmetry is not spontaneously broken.
To see the connection of (4.10) to chiral Lagrangian, construct the matrix U :
U = Diag(eiγi), γi = ~αi · ~σ, i ∈ S1 , (4.11)
which is an NF ×NF diagonal matrix. Since DetU = ei
∑
i∈S1 γi , we can define
γ̂i = γi − 1
NF
∑
i∈S1
γi ≡ γi − η
′
NF
(4.12)
The identification η′ =
∑
i∈S1 γi will be shown later. Then, one can write U as
U = e
i η
′
NF U˜ , (4.13)
where U˜ has unit determinant.
Next, note that we can also assemble the “heavy part” into an (N−NF )×(N−NF )
square matrix. Let
Σ = Diag(eiγi), i ∈ S2. (4.14)
Clearly, DetΣ = ei
∑
i∈S2 γi , which can be written as Σ = eiδΣ˜, where Σ˜ is special unitary.
Since the direct sum of U and Σ is also special unitary by construction, δ = − η′
N−NF ,
resulting in
Σ = e
−i η′
N−NF Σ˜ , (4.15)
Therefore, an exact re-writing of monopole induced effective Lagrangian (4.10) is
V = −e−S0f(m)eiθ/NF+iη′/NF
∑
i∈S1
eiγ̂i − e−S0e−iη′/(N−NF )
∑
i∈S2
eiγ̂i + c.c.
= −e−S0f(m)eiθ/NF+iη′/NF trU˜ − e−S0e−iη′/(N−NF )trΣ˜ + c.c. (4.16)
Note in particular that the matrix containing the light fields, U , has exactly the form
one would expect from the standard unitary field appearing in a chiral Lagrangian, and
its potential ∼ tr(U + U †) is exactly of the form expected from the chiral Lagrangian.
Expanding the action associated to (4.16) to quadratic order and diagonalizing the
resulting mass matrix, one sees that, as asserted earlier, the theory has NF − 1 light
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modes and N −NF heavy modes. In particular, one sees that η′ is generically a heavy
mode, and its mass is parametrically larger than the pseudo-NG bosons. Setting the
heavy modes in Σ to their vacuum values, as well as taking η′ = 0, the θ dependent
part of the effective potential (4.16) reduce to standard chiral Lagrangian with its θ
angle dependence:
VpNGB = −e−S0f(m)eiθ/NF trU˜ + c.c. (4.17)
The extrema (“vacuum family”) of this potential are located at 7
U˜k = e
i2pik/NF1 (4.18)
Indeed, using (4.18), we find that the θ angle dependence of the vacuum energy as
Evac(θ) = MinkEk(θ), Ek(θ) = −e−S0f(m) cos
(
θ + 2pik
NF
)
(4.19)
For θ = 0, the vacuum is unique. For θ = pi, k = 0 and k = −1 are exactly degenerate,
and CP is spontaneously broken for all mqe
ipi < 0. The point mq = 0 is a second order
critical point in the phase diagram.
4.1 Special case with NF = 2
The above discussion holds as written for N ≥ 3 and NF ≥ 2. However, the case
NF = 2 requires special consideration, especially if one also sets N = 2.
Consider (4.10) for N = 2, NF = 2. On R4 one expects five Nambu-Goldstone
bosons in the chiral limit due to the symmetry breaking pattern SU(2NF = 4) →
Sp(2NF = 4), due to the pseudo-reality of the fundamental representation for N = 2.
But our twisted boundary conditions break this symmetry to its maximal Abelian
subgroup, SU(4)→ U(1)L×U(1)R×U(1)Q. So at small L we should still expect only
one gapless mode at mq = 0.
Indeed, for N = 2 there is only one dual photon, with the leading-order effective
potential
V (σ) = −e−S0m cos(σ) cos(θ/2) = −e−S0f(m)eiθ/2trU + c.c.+ . . . (4.20)
which vanishes at θ = pi. As we already discussed, at second order in semi-classical
expansion, we must include the effects of magnetic bions, which induce a new term in
7These are the only configurations that are SU(NF )V invariant. While we do not have SU(NF )V
symmetry, we are still able to focus on these configurations without loss of generality due to the fact
that with our boundary conditions the Weyl group SN remains a symmetry.
– 22 –
the effective potential:
V (σ) = −e−S0m cos(θ/2) cos(σ)− e−2S0|m|2 cos(2σ) + . . .
= −e−S0m cos(θ/2)trU − e−2S0|m|2(trU)2 + . . . (4.21)
inducing a double-trace operator in the chiral Lagrangian. The chiral Lagrangian at
second order semi-classics has two vacua at θ = pi. From the point of view of the chiral
Lagrangian, these two vacua are stabilized by the double-trace term induced by the
magnetic bions.
For NF = 2, N ≥ 3, (4.10) and its equivalent re-writing (4.16) includes both chiral
Lagrangian modes and heavier modes. There is also a contribution from magnetic bions,
which can be interpreted as generating higher order terms in the chiral Lagrangian.
Minimizing the resulting potential, with second-order terms included, we again obtain
two-fold degenerate vacua at θ = pi.
4.2 θ-dependence transmutation: How does θ
NF
change into θ
N
?
One may wonder how the eiθ/N factor appearing in the monopole operators e−S0ei~αi·~σeiθ/N
in pure YM theory gets transmuted into the factors of eiθ/NF expected from a chiral
Lagrangian relevant for small quark masses. This question is hard to address on R4,
but can be answered quite explicitly on R3 × S1.
Consider the monopole operators in pure YM theory with the inclusion of the θ
angle. Since the topological charge of the monopole events is 1
N
, they can be written
as
e−S0ei~αi·~σeiθ/N , i ∈ S (4.22)
where S is the affine root system of the Lie algebra. If we introduce some massless
fermions, θ is redundant, as it can be eliminated from the path integral by a fermion
field redefinition thanks to the chiral anomaly. Without doing this field redefinition —
that is, keeping the “fake” θ dependence — the monopole operators in the theory with
NF fermions take the form:
e−S0ei~αi·~σ(ψL,iψR,i)eiθ/N , i ∈ S1
e−S0ei~αk·~σeiθ/N , k ∈ S2 (4.23)
Without loss of generality, assume that the monopole associated with the affine root
lives in S1, so that it has a fermion zero mode. By globally shifting
~σ → ~σ − θ
N
~ρ (4.24)
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where ~ρ is the Weyl vector, we can remove the θ dependence from all of the operators
appearing in S = S1 ∪ S2, except for MN , for which θ dependence now looks like
e−S0ei~αN ·~σ(ψL,NψR,N)eiθ, N ∈ S1 . (4.25)
Now, if we globally shift (ψL,NψR,N) → e−iθ(ψL,NψR,N), the θ dependence disappears
from the monopole operators and the effective Lagrangian. Indeed, in the massless
limit, this is the expected result.
To see how θ/NF in (4.27) arises, first do a field redefininition,
(ψL,iψR,i)→ eiθ/NF (ψL,iψR,i), ∀i ∈ S1 \MN
(ψL,NψR,N)→ ei(−1+1/NF )θ(ψL,NψR,N) (4.26)
Now, suppose we turn on a bare mass term in the 4D QFT, mq
∑
i∈S1(ψL,iψR,i). Then
the fermion bilinear in the prefactor of the monopole operator should be replaced by
the fermion mass. As a result, we obtain:
Mi = e−S0ei~αi·~σmqeiθ/NF , i ∈ S1,
Mk = e−S0ei~αk·~σ, k ∈ S2 . (4.27)
starting from the monopole operators in YM theory.
This transmutation is the reason why observables depend on θ+2pik
NF
when the physics
can be described by the softly broken chiral Lagrangian[56–58], but come to depend
on θ+2pik
N
when the quark mass is large enough that the physics is better described by
pure Yang-Mills theory[59]. In other words, this explains why the functions describing
observables have NF branches close to chiral limit, but come to have N branches away
from that limit.
5 From weak to strong coupling: mixed anomalies and semi-
classics
The analysis of the previous section shows that the properties of QCD-like gauge theo-
ries even at arbitrarily small R3×S1 are consistent with the expected properties of the
same theories on R4. This strongly supports the conjecture of adiabatic continuity of
the physics as a function of L. In this section, we present some strong further evidence
for the adiabatic continuity idea in NF -flavor QCD. In particular, we will show once
the behavior of the theory is determined dynamically on small R3×S1 by semi-classical
methods, its behavior at arbitrarily large S1, namely at strong coupling, is dictated by
certain discrete ’t Hooft anomalies.
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Before explaining the argument, we would like to emphasize that consideration
of anomalies and the use of controlled semiclassical analysis are complementary ap-
proaches:
• Studies of ’t Hooft anomalies can determine the consistent choices of low-energy
behavior of a QFT given some UV data. But typically there is more than one
consistent options, and so one cannot determine the actual vacuum structure just
from the anomalies, without making further assumptions about the dynamics.
On the other hand, the constraints implied by the existence of ’t Hooft anomalies
are valid both at weak and strong coupling, which is very useful.
• Reliable semi-classics is a dynamical framework, and when it applies the low-
energy behavior of a QFT can be conclusively determined. However, this ap-
proach is only valid at weak coupling.
Therefore, the complementary nature of these two approaches should be clear, and it is
natural to use them together. Our arguments below will show that adiabatic continuity
can be proved based on a single assumption in some of the theories of our interest.
In SU(N) QCD with NF Dirac flavors and the twisted boundary conditions ex-
plained around (4.3) there is an unbroken continuous chiral symmetry [U(1)A]
NF−1 in
the chiral limit. This continuous symmetry has an ’t Hooft anomaly descending from
the standard anomaly for SU(NF )A. This anomaly implies that any long-distance effec-
tive field theory description of the theory must either include NF −1 Nambu-Goldstone
bosons, or it must contain a scale-invariant sector involving enough chiral fermions to
completely saturate the anomaly. A mixed long-distance phase, where the anomaly
is partially satisfied by Nambu-Goldstone bosons and partly by chiral fermions, can
be ruled out by the presence of the SNF Weyl symmetry permuting the quark flavors,
which cannot be spontaneously broken since it is a vector-like symmetry [55].
The results described in [6] and in the preceding sections of this paper are certainly
consistent with these continuous ’t Hooft anomalies. Our small-L results, as well as
lattice results at large L, imply that the [U(1)A]
NF symmetry is spontaneously broken.
However, a consideration of these continuous anomalies along with the large and small
L results does not directly rule out the exotic possibility that there is some window of
values of L where chiral symmetry is restored, and gapless chiral fermion excitations
reemerge, before disappearing as L is increased. What does it take to exclude this
exotic option for the dynamical behavior of QCD?
Here we argue that this option is severely constrained by consideration of discrete
’t Hooft anomalies. Discrete ’t Hooft anomalies in QCD and related theories have been
the focus of several recent papers[1, 8, 39, 60–62]. Here we point out that there is
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a discrete ’t Hooft anomaly that is of particular relevance to the behavior of CFC-
symmetry-stabilized QCD as a function of L.
The symmetries of QCD with NF massless Dirac fundamental fermions include a
Z2NF flavor symmetry which is the discrete remnant of U(1)A axial symmetry. These
theories also possess a color-flavor center symmetry, Zd provided d = gcd(N,NF ) > 1.
There is a mixed ’t Hooft anomaly between these two symmetries. To see this, we
first recall why Z2NF axial symmetry is respected. For example, in a color gauge field
background, the equation describing axial charge non-conservation can be written as
∆Q5 = 2NF × 1
8pi2
∫
tr(F ∧ F ) ∈ 2NFZ (5.1)
The second relation follows from the quantization of the topological charge, implying
that Z2NF is an exact symmetry of the theory.
In order to show the existence of the claimed mixed ’t Hooft anomaly, suppose we
gauge the Zd CFC-symmetry. To describe how this can be done, let us consider the
simplest example, NF = N . Then let us first suppose that we gauge the flavor symmetry
SU(NF )V . The result can be thought of as a two-site quiver gauge theory. We can then
gauge the ZN global center symmetry. (For general NF , this would be a Zd symmetry.)
To do this, one can replace the two SU(N) connections F1, F2 by U(N) connections
F ′1, F
′
2 while at the same time adding some Lagrange multiplier gauge fields to the path
integral to restrict the gauge transformations to the desired discrete subgroup. This
procedure is described in e.g. [1, 8, 60]. In the end, the relation between the sum of
the topological θ terms and the axial charge non-conservation becomes
1
8pi2
∑
i=1,2
∫ (
trF ′i ∧ F ′i −
1
N
trF ′i ∧ trF ′i
)
∈ 2
N
Z . (5.2)
Consequently,
∆Q5 ∈ 4Z (5.3)
and one loses most of the discrete chiral symmetry upon gauging the CFC symmetry.
Therefore, there exists a mixed anomaly between the Zd CFC symmetry and the Z2NF
symmetry.
This mixed ’t Hooft anomaly implies that either Zd or Z2NF (or both) are spon-
taneously broken, or the long-distance EFT includes some appropriate TQFT. But
one cannot have a phase in which the ground state is unique (“trivial”) on arbitrary
manifolds. This is sometimes referred to as persistent order. The concept of adia-
batic continuity is a refined version of the persistent order where only one mode of the
symmetry realization holds throughout a range of parameters.
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In the small circle regime, we have ensured that the Zd CFC symmetry is unbroken.
Therefore, the only anomaly-consistent dynamics must drive spontaneous breaking of
the Z2NF axial symmetry. This is indeed the case, as we show momentarily. However,
the full story is more interesting than that. The interesting aspect is following:
• Although here the relevant ’t Hooft anomaly involves two discrete symmetries,
there are no order parameters that transform under Z2NF , but not under maximal
abelian chiral symmetry (U(1)A)
NF−1. Therefore, the discrete ’t Hooft anomaly
actually means that an unbroken Zd CFC symmetry implies the complete spon-
taneous breaking of continuous chiral symmetry.
Indeed, our earlier semi-classical analysis on small R3×S1 shows that in the regime
where Zd is unbroken, maximal abelian chiral symmetry [U(1)A]NF−1 is broken. In this
regime, we derived the chiral Lagrangian (4.16) from microscopic dynamics. Now, with
the assumption that Zd is unbroken at any circle size, [U(1)A]NF−1 must be sponta-
neously broken at any radius, including at large radius where the theory is strongly
coupled! The assumption of an unbroken CFC symmetry can be guaranteed for any
circle size by adding a CFC-stabilizing double-trace deformation to the theory. We
believe this provides a derivation of the chiral Lagrangian at both weak and strong
coupling in the class of theories under consideration.
Finally, we note that the value of doing controlled semiclassical calculations and
systematic effective field theory analysis is that by construction, such methods cannot
produce results that are inconsistent with the structure of a given well-defined quantum
field theory. This should be contrasted with ad hoc models based on uncontrolled ap-
proximations, such as e.g. four-dimensional NJL models, which are far less constrained,
and can easily produce incorrect results.
6 Three dimensions versus four dimensions
Our discussion above focused on analyzing locally four-dimensional SU(N) gauge the-
ories with NF fundamental quarks with a common mass mq. In a semiclassically-
calculable regime on R3 × S1, where the S1 size L is small, we saw that these theories
become gapless at points in parameter space. In particular, when NF = 1, we saw that
there is a single critical point at mq/Λ = m
∗ ∈ R−, while for NF > 1, the critical point
is at m∗ = 0.
To highlight the critical role that the four-dimensional nature of these theories
played in our results above, as well as for its independent theoretical interest, we now
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consider a three-dimensional SU(2) gauge theory with NF = 2 Dirac
8 fundamental
quarks ψa, a = 1, 2, as well as an adjoint scalar φ. Roughly speaking, this theory arises
as a naive dimensional reduction of the 4d NF = 1 two-color theory down to 3d.
We choose the scalar potential so that the SU(2) gauge symmetry is spontaneously
‘broken’ to U(1) at long distances via the adjoint Higgs mechanism. So we take the
Euclidean action of the theory to be
S3 =
∫
d3x
[
1
2g2
trFµνF
µν + trDµφD
µφ+ λtr(φ2 − v2)2+ (6.1)∑
a=1,2
(
ψa /Dψa
)
+mq(ψ1ψ1 − ψ2ψ2)
]
. (6.2)
where Dµφ = ∂µφ + i[Aµ, φ], Dµψ = ∂µψa + iAµψa, Aµ is the SU(2) gauge field, Fµν
is its field strength, and v2 > 0. With the given Higgs potential, the SU(2) gauge
symmetry is “spontaneously broken” to U(1), with a W-boson mass scale mW =
1
2
gv.
In what follows we assume that mq & g2, and at the same time also take v  g. Then
the long-distance theory is weakly-coupled 3D compact QED coupled to two flavors of
massive ‘electrons’ with opposite charges, meaning that the gauge symmetry acts as
U(1)gauge : ψ → eiα(x)τ3ψ . (6.3)
where ψ is a flavor doublet and τ3 = diag(1,−1) is a flavor matrix. Note that the
masses of the ψa fields can easily be smaller than the UV cutoff scale mW without any
loss of control over the long-distance dynamics, given the assumed hierarchies for the
parameters of (6.1). 9 We should also emphasize that with the mass term we have
chosen, the theory is parity-invariant. Indeed, the two fermion flavors give opposite-sign
contributions to the 3D parity anomaly[63]. Therefore the parity anomaly cancels.
Because of the absence of the chiral anomaly in 3d, the anomalous Z2NF discrete
chiral symmetry of the analogous 4D theory enhances to a U(1) global symmetry in
our three dimensional theory. So the continuous global symmetry of our theory is
essentially
U(1) : ψa → eiαψa . (6.4)
More precisely, the global symmetry is U(1)/Z2, where the Z2 quotient acts by ψa →
−ψa. Note that even though this U(1) symmetry can be viewed as an “axial” symmetry
in the context of a 4d uplift of the 3d theory, from an intrinsically 3d perspective the
U(1) symmetry is actually the quark number symmetry, in 3d QCD language.
8That is, complex two-component 3D spinors.
9There is also a Higgs mode with mass mH = λv
2. We assume that mH & mW and ignore it in
our discussion of the low-energy behavior.
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m0
0
D = 4 D = 3
m
Figure 4. In four-dimensional QCD-like theories, we find that the critical region in mass-
parameter space is a point, which is illustrated on the left for the NF = 1 theory. On the
other hand, in three-dimensional theories, the critical region can be an interval as a function
of a parity-invariant mass term, as is shown explicitly in the main text in a simple example.
If not for the presence of fundamental fermions, we would be dealing with the theory
analyzed by Polyakov in his classic paper[2]. Taking into account the contributions of
monopole-instantons, Polyakov found that this theory has a non-perturbative mass gap
∆ ∼ mW e−4pimW /g2 . Note that ∆ is parametrically smaller than the cutoff scale mW of
the 3D QED effective field theory. As a consequence, the low-energy behavior physics of
compact QED is completely different from that of non-compact QED. Non-compact 3d
QED without matter has no monopole-instantons, and hence it is a free gapless theory
in the absence of matter. But compact 3d QED without matter is always gapped. The
coupling of Polyakov’s theory to adjoint fermions was analyzed by Affleck, Harvey, and
Witten[43], with the result that the theory is gapless at a point in parameter space,
which is mq = 0.
10
We now show that the behavior of (6.1), which contains fundamental fermions, is
completely different, and instead of a critical point in parameter space, there is instead
a critical interval, given by
mq ∈ C = (−gv,+gv) . (6.5)
In this interval, the theory is gapless. More precisely, below we show that this is true
so long as |m| & g2, where the theory is weakly coupled. It is logically possible that a
10In locally four-dimensional gauge theories with adjoint fermions the situation is quite different.
There massless adjoint fermions do not necessarily render the long-distance behavior gapless, due to
the magnetic bion mechanism[10].
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gap appears in some intervals within the strongly-coupled region |m| . g2. If so, the
theory would have multiple critical intervals. In any case, everywhere in C where we
can trust our calculations, the U(1) quark number symmetry is spontaneously broken,
and the gapless mode is in fact a Nambu-Goldstone boson. If mq is outside of the range
(6.5), then the theory has a gap, and the U(1) symmetry is not broken. Since in 3D
the dual photon is parity even, parity is not spontaneously broken anywhere on the
mq ∈ R line as long as we can trust our semiclassical analysis.
We note that this result is consistent with the conjectured scenario of [54] in some
closely related theories. In the present setting, the existence of a critical interval in
parameter space can actually be shown explicitly, rather than being conjectured. To
see this, one can use the Callias index theorem. Unlike in the four-dimensional SU(2)
gauge theory considered in a previous section, where there are two different monopole
events thanks to the existence of the KK monopole-instanton, when the adjoint Higgs
field is non-compact and algebra-valued, as is the case here, there is only one monopole
event. The Callias index theorem [64] says that the number of fermionic zero modes
on the monopole background depends on the relation between mq and adjoint Higgs
vacuum expectation value, and is given by
ICallias =
{
2 |mq| < gv
0 |mq| > gv (6.6)
For an explicit demonstration of related behavior in the 4D context from solutions to
the Dirac equation in a monopole background, see e.g. [65]. The jump in the 3D
index as the boundary in parameter space is crossed has important implications in 3d
dynamics.
The jump in the index implies that the form of the monopole operator changes as
the boundary |mq| = gv is crossed.
M =
{
e−S0eiσψ1ψ2 |mq| < gv
e−S0eiσ |mq| > gv (6.7)
For mq ∈ C, the U(1) symmetry (which is non-anomalous in 3d) intertwines with the
shift symmetry of the dual photon, U(1)J . Under the diagonal of U(1) and U(1)J , one
has
[U(1)]diag : ψ1ψ2 → ei2αψ1ψ2, σ → σ − 2α (6.8)
So the dual photon has an exact shift symmetry. This shift symmetry is spontaneously
broken by any vacuum expectation value for σ. Thus we find that in the interval (6.5),
the theory is gapless and has a spontaneously-broken U(1) quark-number symmetry.
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The dual photon is the Nambu-Goldstone boson. Outside the interval C, U(1)J is
explicitly broken by the monopole induced potential V (σ) = −e−S0 cosσ, while the
U(1) quark number symmetry is not spontaneously broken. These remarks imply that
there are at least two phase transitions as the mass parameter is dialed from positive to
negative, in such a way that there is at least one critical interval in mq, as we claimed
at the beginning of this section.
6.1 Implications for 3D compact QED
The study of the long-distance properties of non-compact QED has recently been revi-
talized by advances in  expansions and modern lattice simulations, see e.g. [66–70]. In
these papers, all of the nF fermion flavors are assigned the same charge under the gauge
symmetry. Consequently, one deals with theories with an SU(nF ) global symmetry.
The lattice calculations indicate that in the non-compact version of these theories there
is no sign of spontaneous symmetry breaking for SU(nF ).
However, in the condensed-matter applications of 3d QED, typically it is the com-
pact version of 3d QED that arises[71–76]. Our analysis above implies that in parity-
invariant compact 3d QED with two flavors of electrons with opposite charges, the
global U(1) symmetry is spontaneously broken in an interval in the parameter space of
the model. It would be interesting to work out the implications of this observation in
a condensed-matter context. It would also be interesting to understand the effects of
also turning on a parity-breaking mass term, and subsequently to make closer contact
with the analysis of [39].
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